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Ïîñòàíîâêà çàäà÷è

Çàäà÷à ðàíæèðîâàíèÿ àëüòåðíàòèâ

Çàäà÷à. Òðåáóåòñÿ ðàíæèðîâàòü àëüòåðíàòèâû, êàæäàÿ èç êîòîðûõ
îöåíèâàåòñÿ ïî ðÿäó êðèòåðèåâ.
Ïîïóëÿðíûé ìåòîä ðåøåíèÿ � àãðåãèðîâàíèå êðèòåðèàëüíûõ
âåêòîðîâ, ñîîòâåòñòâóþùèõ êàæäîé àëüòåðíàòèâå, â ðàíãè ýòèõ
àëüòåðíàòèâ [Ïîäèíîâñêèé 2023].

Çà÷àñòóþ òàêèå ïðàâèëà äîëæíû èìåòü íåêîìïåíñàòîðíûé
õàðàêòåð, ò. å. íèçêèå îöåíêè ïî îäíèì êðèòåðèÿì íå ìîãóò áûòü
êîìïåíñèðîâàíû âûñîêèìè îöåíêàìè ïî äðóãèì êðèòåðèÿì.

Ïðèìåðû: âûáîð òîâàðîâ ïî ðÿäó êðèòåðèåâ, îòáîð êàíäèäàòîâ
íà äîëæíîñòü è ò. ä.

Îäíèì èç íåêîìïåíñòîðíûõ ìåòîäîâ àãðåãèðîâàíèÿ ïðåäïî÷òåíèé
ÿâëÿåòñÿ ïîðîãîâîå ïðàâèëî àãðåãèðîâàíèÿ, ÏÀ [Àëåñêåðîâ è
ßêóáà 2003, Àëåñêåðîâ è äð 2007].
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Ïîñòàíîâêà çàäà÷è

Ïëàí ïðåçåíòàöèè

Êëàññè÷åñêîå ÏÀ: âñå àëüòåðíàòèâû îöåíèâàþòñÿ
â m-ãðàäàöèîííîé øêàëå.

Îöåíêè â àëüòåðíàòèâàõ ìîãóò áûòü íåòî÷íûìè. Â ýòîì ñëó÷àå
âîçíèêàåò çàäà÷à îáîáùåíèÿ ÏÀ.

Õàðàêòåð íåòî÷íîñòåé äàííûõ (íàïðèìåð, ýêñïåðòíûõ îöåíîê):
âåðîÿòíîñòíûé, èíòåðâàëüíûé, íå÷åòêèé è ò. ä.

Ïëàí ïðåçåíòàöèè

êëàññè÷åñêàÿ ïîñòàíîâêà ÏÀ;

çàäà÷à ÏÀ ñ íåòî÷íûìè äàííûìè;

çàäà÷à ÏÀ ñ âåðîÿòíîñòíûìè äàííûìè;

çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè.
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Êëàññè÷åñêàÿ ïîñòàíîâêà çàäà÷è ÏÀ

Êëàññè÷åñêàÿ ïîñòàíîâêà ÏÀ

[Àëåñêåðîâ è ßêóáà 2003, Àëåñêåðîâ è äð 2007]

Ïóñòü X � ìíîæåñòâî àëüòåðíàòèâ-âåêòîðîâ x = (x1, ..., xn), ãäå
xi ∈ {1, 2, 3}. Òðåáóåòñÿ ïîñòðîèòü îïåðàòîð àãðåãèðîâàíèÿ
φn = φ : X → R, óäîâëåòâîðÿþùèé óñëîâèÿì:

1) Ïàðåòî-äîìèíèðîâàíèå: åñëè x,y ∈ X è xi ≥ yi ∀i,
∃s : xs > ys, òî φ(x) > φ(y);

2) ïîïàðíàÿ êîìïåíñèðóåìîñòü êðèòåðèåâ: åñëè x,y ∈ X è
vk(x) = vk(y) k = 1, 2, òî φ(x) = φ(y), ãäå vk(x) = |{i : xi = k}|
� ÷èñëî îöåíîê k â àëüòåðíàòèâå x, k = 1, 2, 3;

3) ïîðîãîâàÿ íåêîìïåíñèðóåìîñòü: φ(2, . . . , 2︸ ︷︷ ︸
n

) > φ(x) ∀x ∈ X:

∃s : xs = 1;

4) àêñèîìà ðåäóêöèè: åñëè ∀x,y ∈ X ∃s : xs = ys, òî
φn(x) > φn(y) ⇔ φn−1(x−s) > φn−1(y−s), ãäå
x−s = (x1, . . . , xs−1, xs+1, . . . , xn).
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Êëàññè÷åñêàÿ ïîñòàíîâêà çàäà÷è ÏÀ

Ïîêàçàíî, ÷òî óêàçàííûì àêñèîìàì óäîâëåòâîðÿåò
ëåêñèêîãðàôè÷åñêîå ïðàâèëî àãðåãèðîâàíèÿ:

φ(x) > φ(y) ⇔

v1(x) < v1(y)

èëè ∃j ∈ {1, 2} : vk(x) = vk(y)∀k ≤ j è vk+1(x) < vk+1(y).

Â [Aleskerov et al 2010] çàäà÷à ÏÀ áûëà îáîáùåíà íà ñëó÷àé
m-ãðàäàöèîííûõ øêàë, m ≥ 3.
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Çàäà÷à ÏÀ ñ íåòî÷íûìè äàííûìè

Çàäà÷à ÏÀ àëüòåðíàòèâ ñ íåòî÷íûìè äàííûìè

Äâà îñíîâíûõ ïîäõîäà ê ïîñòðîåíèþ îáîáùåíèé ÏÀ íà ñëó÷àé
íåòî÷íûõ äàííûõ:

ïîñòðîåíèå àêñèîìàòèêè è ïðàâèëà àãðåãèðîâàíèÿ íà îñíîâå
ýòîé íîâîé àêñèîìàòèêè;

ïîñòðîåíèå àíàëîãà âåêòîðà ìîùíîñòè îöåíîê äëÿ íåòî÷íûõ
äàííûõ.

Àíàëîã âåêòîðà ìîùíîñòè îöåíîê äëÿ íåòî÷íûõ äàííûõ:

ïîñòðîåíèå ñêàëÿðíîé ìîùíîñòè ìíîæåñòâà íåòî÷íûõ îöåíîê;

ïîñòðîåíèå íåòî÷íîé ôóíêöèè ìîùíîñòè ìíîæåñòâà íåòî÷íûõ
îöåíîê â ðàìêàõ âûáðàííîé òåîðèè îïèñàíèÿ íåòî÷íîñòè.
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Çàäà÷à ÏÀ ñ âåðîÿòíîñòíûìè äàííûìè

Çàäà÷à ÏÀ àëüòåðíàòèâ ñ âåðîÿòíîñòíûìè

äàííûìè

[Ëåïñêèé 2024]

Ïóñòü êàæäàÿ àëüòåðíàòèâà ïðåäñòàâëåíà n-ìåðíûì âåêòîðîì
x̃ = (x̃1, . . . , x̃n), ãäå îöåíêà x̃i õàðàêòåðèçóåòñÿ òðîéêîé
íåîòðèöàòåëüíûõ ÷èñåë

x̃i = (piL, piM , piH), piL + piM + piH = 1, i = 1, . . . , n.

×èñëà piL, piM è piH � ñóáúåêòèâíûå âåðîÿòíîñòè, ñ êîòîðûìè i-é
ýêñïåðò îöåíèâàåò ïðèíàäëåæíîñòü àëüòåðíàòèâû êëàññàì íèçêèõ
îöåíîê L, ñðåäíèõ îöåíîê M è âûñîêèõ îöåíîê H ñîîòâåòñòâåííî.

Îòíîñèòåëüíî àëüòåðíàòèâû x̃ èìååì ìàòðèöó

P (x̃) = (piS)
n
i=1;S=L,M,H .
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Çàäà÷à ÏÀ ñ âåðîÿòíîñòíûìè äàííûìè Ñëó÷àéíàÿ ìîùíîñòü ìíîæåñòâà îöåíîê

Ñëó÷àéíàÿ ìîùíîñòü ìíîæåñòâà îöåíîê

Ðàññìîòðèì ÑÂ CS (x̃), ïðèíèìàþùóþ çíà÷åíèÿ k ∈ {0, . . . , n}
è P {CS (x̃) = k} � âåðîÿòíîñòü òîãî, ÷òî ñðåäè îöåíîê n ýêñïåðòîâ
áóäåò ðîâíî k îöåíîê êëàññà S ∈ {L,M,H}.
ÑÂ CS (x̃) � ñëó÷àéíûå ìîùíîñòè ìíîæåñòâà îöåíîê êëàññà
S ∈ {L,M,H}.
Ïóñòü Ik = {(i1, . . . , ik) : 1 ≤ i1 < . . . < ik ≤ n}. Òîãäà
P {CS (x̃) = k} = qk(pS), ãäå pS = (p1S , . . . , pnS) è

q0(α) = (1− α1) . . . (1− αn),

qk(α) =
∑

(i1,...,ik)∈Ik

αi1 . . . αik(1− αj1) . . . (1− αjn−k
), (1)

ãäå {j1, . . . , jn−k} = {1, . . . , n}\{i1, . . . , ik}, α = (α1, . . . , αn) ∈ [0, 1]n.
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Çàäà÷à ÏÀ ñ âåðîÿòíîñòíûìè äàííûìè Ñâîéñòâà ñëó÷àéíîé ìîùíîñòè

Ñâîéñòâà ñëó÷àéíîé ìîùíîñòè

Ïóñòü Q(α) � ÑÂ, èìåþùàÿ ðàñïðåäåëåíèå (1).

Îòìåòèì íåêîòîðûå åãî ñâîéñòâà:

1) åñëè α = (α1, . . . , αn) ∈ {0, 1}n, òî qk(α) =

{
1, k =

∑n
i=1 αi,

0, k ̸=
∑n

i=1 αi,
k = 0, . . . , n;

ò. å. â ñëó÷àå âûðîæäåííûõ (íåñëó÷àéíûõ) îöåíîê
ðàñïðåäåëåíèå Q(α) = (q0(α), . . . , qn(α)) òàêæå ñòàíîâèòñÿ
âûðîæäåííûì è qk(α) = 1 äëÿ èíäåêñà k, ðàâíîãî ìîùíîñòè
ìíîæåñòâà (íåñëó÷àéíûõ) îöåíîê.

2) åñëè α1 = . . . = αn = p ∈ (0, 1), òî qk =

(
n
k

)
pk(1− p)n−k,

k = 0, . . . , n � áèíîìèàëüíîå ðàñïðåäåëåíèå;
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Çàäà÷à ÏÀ ñ âåðîÿòíîñòíûìè äàííûìè Ñâîéñòâà ñëó÷àéíîé ìîùíîñòè

3) E[Q(α)] =
n∑

k=1

αk;

èç 3) ⇒ E [CS (x̃)] =
n∑

i=1
piS , S ∈ {L,M,H};

4) σ2[Q(α)] =
n∑

k=1

αk(1− αk);

5) ðàñïðåäåëåíèå Q(α) = (q0(α), . . . , qn(α)) � óíèìîäàëüíîå, ò. å.
∃r, s ∈ {0, . . . , n}, r ≤ s: ïîñëåäîâàòåëüíîñòè (q0(α), . . . , qr(α)) �
íåóáûâàþùàÿ, (qs(α), . . . , qn(α)) � íåâîçðàñòàþùàÿ,
qr(α) = . . . = qs(α).
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Çàäà÷à ÏÀ ñ âåðîÿòíîñòíûìè äàííûìè Ðàíæèðîâàíèå ñëó÷àéíûõ ìîùíîñòåé

Ëåêñèêîãðàôè÷åñêîå ðàíæèðîâàíèå ñëó÷àéíûõ

ìîùíîñòåé îöåíîê

Äëÿ ïðèìåíåíèÿ ëåêñèêîãðàôè÷åñêîãî ïðàâèëà ðàíæèðîâàíèÿ
ìíîæåñòâà âåêòîðíûõ âåðîÿòíîñòíûõ àëüòåðíàòèâ {x̃}
îòíîñèòåëüíî ôóíêöèè âåðîÿòíîñòíîé ìîùíîñòè
C (x̃) = (CL (x̃) , CM (x̃) , CH (x̃)) íåîáõîäèìî èñïîëüçîâàòü
íåêîòîðîå ïðàâèëî ñðàâíåíèÿ âåðîÿòíîñòíûõ ðàñïðåäåëåíèé.

Åñëè èñïîëüçîâàòü ñðàâíåíèå ïî ñðåäíåìó çíà÷åíèþ E[·], òî

φ (x̃) > φ (ỹ) ⇔ E [CL (x̃)] < E [CL (ỹ)]

èëè E [CL (x̃)] = E [CL (ỹ)] , E [CM (x̃)] < E [CM (ỹ)]

èëè E [CL (x̃)] = E [CL (ỹ)] , E [CM (x̃)] = E [CM (ỹ)] ,

E [CH (x̃)] < E [CH (ỹ)] .
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×èñëåííûé ïðèìåð

×èñëåííûé ïðèìåð

Ïóñòü çàäàíû 5 âåðîÿòíîñòíûõ îöåíîê äâóõ àëüòåðíàòèâ: âåêòîðû
x̃ = (x̃1, . . . , x̃5) è ỹ = (ỹ1, . . . , ỹ5).

x̃ ỹ

x̃1 = (0.3, 0.6, 0.1) ỹ1 = (0.2, 0.3, 0.5)
x̃2 = (0.4, 0.5, 0.1) ỹ2 = (0.2, 0.7, 0.1)
x̃3 = (0.6, 0.2, 0.2) ỹ3 = (0.8, 0.2, 0)
x̃4 = (0.7, 0.2, 0.1) ỹ4 = (0.1, 0.3, 0.6)
x̃5 = (0.3, 0.3, 0.4) ỹ5 = (0.1, 0.9, 0)
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×èñëåííûé ïðèìåð

Ðåçóëüòàòû âû÷èñëåíèé ðàñïðåäåëåíèé
C (x̃) = (CL (x̃) , CM (x̃) , CH (x̃)) è C (ỹ) = (CL (ỹ) , CM (ỹ) , CH (ỹ)):

k = 0 k = 1 k = 2 k = 3 k = 4 k = 5 E [·]
P {CL (x̃) = k} 0.03 0.19 0.36 0.3 0.11 0.01 2.3
P {CM (x̃) = k} 0.09 0.31 0.37 0.19 0.04 0 1.8
P {CH (x̃) = k} 0.35 0.44 0.18 0.03 0 0 0.9

P {CL (ỹ) = k} 0.1 0.49 0.32 0.08 0.01 0 1.4
P {CM (ỹ) = k} 0.01 0.15 0.4 0.33 0.1 0.01 2.4
P {CH (ỹ) = k} 0.18 0.47 0.32 0.03 0 0 1.2

Òîãäà
φ (x̃) < φ (ỹ) ,

òàê êàê
E [CL (x̃)] > E [CL (ỹ)] .
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè Ìåòðè÷åñêèé ïîäõîä

Çàäà÷à ÏÀ àëüòåðíàòèâ ñ íå÷åòêèìè äàííûìè.

Ìåòðè÷åñêèé ïîäõîä

[Lepskiy 2023]

Òåïåðü áóäåì ïðåäïîëàãàòü, ÷òî àëüòåðíàòèâû ïðåäñòàâëåíû
âåêòîðàìè íå÷åòêèõ ÷èñåë (Í×) x̃ = (x̃1, . . . , x̃n).

Êàæäîå Í× ïðèíàäëåæèò îäíîìó èç 4-õ êëàññîâ: íèçêèõ îöåíîê

L, îòðèöàòåëüíûõ ñðåäíèõ îöåíîê M−, ïîëîæèòåëüíûõ
ñðåäíèõ îöåíîê M+ èëè âûñîêèõ îöåíîê H:

 

a−  a b−  b�

 
0
L  

0
H 

0
M 

0
M

−  
0

M
+

 L  H

 M
−  M

+
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè Ìåòðè÷åñêèé ïîäõîä

Îáùàÿ ñõåìà íå÷åòêîãî ÏÀ

Äëÿ êàæäîé àëüòåðíàòèâû x̃ = (x̃1, . . . , x̃n) è êàæäîãî êëàññà
S ∈ {L,M−,M+, H} âûïîëíÿþòñÿ ñëåäóþùèå øàãè:

1. Âû÷èñëÿþòñÿ ðàññòîÿíèÿ d (x̃i, S0) ∀x̃i ∈ S, i = 1, . . . , n.

2. Âû÷èñëÿåòñÿ âåëè÷èíà

FS (x̃i) = ψ (d (x̃i, S0)) ,

õàðàêòåðèçóþùàÿ íîðìèðîâàííóþ ñòåïåíü óâåðåííîñòè òîãî,
÷òî îöåíêà x̃i ∈ S, ãäå ôóíêöèÿ ψ ↘: [0,+∞) → [0, 1], ψ(0) = 1.

3. Âû÷èñëÿåòñÿ âåëè÷èíà

vS (x̃) =
∑
x̃i∈S

FS (x̃i), S ∈ {L,M−,M+, H},

õàðàêòåðèçóþùàÿ ìîùíîñòü ìíîæåñòâà íå÷åòêèõ îöåíîê
êëàññà S.
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè Ìåòðè÷åñêèé ïîäõîä

4. Ïðèìåíÿåòñÿ ëåêñèêîãðàôè÷åñêîå ïðàâèëî ðàíæèðîâàíèÿ:

φ (x̃) > φ (ỹ) ⇔

vL (x̃) < vL (ỹ)

èëè
vL (x̃) = vL (ỹ) , vM− (x̃) < vM− (ỹ)

èëè

vL (x̃) = vL (ỹ) , vM− (x̃) = vM− (ỹ) , vM+ (x̃) < vM+ (ỹ)

èëè
vL (x̃) = vL (ỹ) , vM− (x̃) = vM− (ỹ) ,

vM+ (x̃) = vM+ (ỹ) , vH (x̃) < vH (ỹ) .
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè ×èñëåííûé ïðèìåð

×èñëåííûé ïðèìåð

Ðàíæèðîâàíèå ñòàòåé â ñèñòåìå óïðàâëåíèÿ êîíôåðåíöèÿìè òèïà
EasyChair.

Â ýòîé ñèñòåìå èñïîëüçóåòñÿ 7-áàëëüíàÿ øêàëà îöåíèâàíèÿ
xi ∈ {−3,−2,−1, 0, 1, 2, 3} � îöåíêè ñîîòâåòñòâóþò ðåêîìåíäàöèÿì
¾strong reject¿, ¾reject¿, ¾weak reject¿, ¾borderline paper¿, ¾weak
accept¿, ¾accept¿, ¾strong accept¿. Êðîìå òîãî, ðåöåíçåíò äîëæåí â
5-áàëëüíîé øêàëå (0.2 � ¾none¿, 0.4 � ¾low¿, 0.6 � ¾medium¿, 0.8 �
¾high¿, 1 � ¾expert¿) îöåíèòü ñòåïåíü óâåðåííîñòè â ñâîåì ðåøåíèè:
λi ∈ {0.2, 0.4, 0.6, 0.8, 1}.
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Äàííûå
{
(x

(k)
i , λ

(k)
i )

}5

i=1
îöåíîê n = 5 ðåöåíçåíòîâ îòíîñèòåëüíî 4

ñòàòåé ïðåäñòàâëåíû â Òàáë.(i � èíäåêñ ðåöåíçåíòà, k � èíäåêñ
ñòàòüè, k = 1, . . . , 4), ãäå L = {−3,−2,−1}, M = {0}, H = {1, 2, 3}.

paper 1 paper 2 paper 3 paper 4

rev. 1 (2, 0.8) (2, 1) (1, 0.8) (0, 0.6)
rev. 2 (1, 1) (2, 0.8) (2, 0.6) (1, 0.4)
rev. 3 (0, 0.8) (0, 0.6) (−1, 0.6) (1, 1)
rev. 4 (3, 0.4) (−1, 0.4) (0, 0.6) (2, 0.2)
rev. 5 (2, 0.6) (1, 0.6) (1, 1) (2, 1)

x(k) (0, 1, 2, 2, 3) (−1, 0, 1, 2, 2) (−1, 0, 1, 1, 2) (0, 1, 1, 2, 2)

t(k) (M,H,H,H,H) (L,M,H,H,H) (L,M,H,H,H) (M,H,H,H,H)

À.Å. Ëåïñêèé (ÂØÝ) Ïîðîãîâîå àãðåãèðîâàíèå 18 / 36



Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè ×èñëåííûé ïðèìåð

Åñëè ìû áóäåì ó÷èòûâàòü òîëüêî 3-ãðàäàöèîííûå ðåêîìåíäàöèè
ðåöåíçåíòîâ (L = {−3,−2,−1}, M = {0}, H = {1, 2, 3}) è
íå ó÷èòûâàòü ñòåïåíè óâåðåííîñòè â ýòèõ îöåíêàõ, òî ïîëó÷èì
âåêòîð ìîùíîñòåé îöåíîê v(x(k)) =

(
vL(x

(k)), vM (x(k)), vH(x(k))
)
,

k = 1, . . . , 4.

Åñëè ê ñðåäíèì îöåíêàì M áóäåì òàêæå îòíîñèòü îöåíêè ±1
ñ íèçêîé ñòåïåíüþ óâåðåííîñòè λ ≤ 0.6, òî ïîëó÷èì ðàñøèðåííûé
âåêòîð ìîùíîñòåé îöåíîê vext(x

(k)), k = 1, . . . , 4.

paper 1 paper 2 paper 3 paper 4

v(x(k)) (0, 1, 4) (1, 1, 3) (1, 1, 3) (0, 1, 4)

vext(x(k)) (0, 1, 4) (0, 3, 2) (0, 2, 3) (0, 2, 3)

v(x̃(k)) (0, 0.5, 0.5, 2.59) (0, 1.33, 1.33, 1.3) (0, 1.33, 0.5, 1.57) (0, 0.5, 1.33, 1.75)
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×èñëåííûé ïðèìåð. Ôîðìèðîâàíèå íå÷åòêèõ

îöåíîê

Èíôîðìàöèÿ î ñòåïåíè óâåðåííîñòè λ â ïðàâèëüíîñòè ñâîåãî
ðåøåíèÿ ìîæåò áûòü èñïîëüçîâàíà äëÿ ðàçìûòèÿ èíòåðâàëüíûõ
èëè òî÷å÷íûõ îöåíîê.

Ïðèíöèïû ðàçìûòèÿ:

1 ÷åì íèæå ñòåïåíü óâåðåííîñòè λ, òåì áîëüøå äîëæíà áûòü
ñòåïåíü ðàçìûòèÿ è ìåðà íåîïðåäåëåííîñòè íå÷åòêèõ îöåíîê;

2 äëÿ îöåíîê ñ íàèâûñøåé ñòåïåíüþ óâåðåííîñòè λ = 1 ñòåïåíü
ðàçìûòèÿ äîëæíà áûòü íóëåâîé;

3 êðàéíèå îöåíêè (L èëè H) ñ íèçêîé ñòåïåíüþ óâåðåííîñòè λ
íå äîëæíû ïîñëå ðàçìûòèÿ óäàëèòüñÿ îò íåéòðàëüíîé îöåíêè:
ñìåùåíèå îöåíêè ñ íèçêîé ñòåïåíüþ óâåðåííîñòè ê íåéòðàëüíîé
îöåíêå äåëàåò åå ìåíåå êîíôëèêòíîé ñ äðóãèìè îöåíêàìè.
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Ýòè ïðèíöèïû ìîæíî ðåàëèçîâàòü ñ ïîìîùüþ òàê íàçûâàåìûõ
ìîäèôèêàòîðîâ â òåîðèè íå÷åòêèõ ìíîæåñòâ

 
1

m A    A=

 
0.5

m   A

1
a

2
a  

0
M

Â ðåçóëüòàòå òî÷å÷íàÿ îöåíêà (x, λ) ïðåîáðàçóåòñÿ â Í× x̃.
Íàïðèìåð,

(2, 0.8) → [1.5; 2.25] → (1.46, 1.5, 2.25, 2, 25).
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Èòîãîâîå ðàíæèðîâàíèå

Ïîñëå ðàçìûòèÿ âû÷èñëèì âåêòîðû ñêàëÿðíûõ íå÷åòêèõ
ìîùíîñòåé v(x̃(k)) =

(
vL(x̃

(k)), vM−(x̃(k)), vM+(x̃(k)), vH(x̃(k))
)
.

Èòîãîâîå ðàíæèðîâàíèå:

ðàíæèðîâàíèå

v(x(k)) φ(x(1)) = φ(x(4)) > φ(x(3)) = φ(x(2))

vext(x
(k)) φ(x(1)) > φ(x(4)) = φ(x(3)) > φ(x(2))

v(x̃(k)) φ(x̃(1)) > φ(x̃(4)) > φ(x̃(3)) > φ(x̃(2))

Âèäíî, ÷òî íå÷åòêîå ÏÀ áîëåå ÷óâñòâèòåëüíî, ÷åì íåðàçìûòîå.
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Çàäà÷à ÏÀ àëüòåðíàòèâ ñ íå÷åòêèìè äàííûìè

ñ ïîìîùüþ íå÷åòêîé êàðäèíàëüíîñòè

[Lepskiy 2024]

Ïóñòü òåïåðü êàæäàÿ àëüòåðíàòèâà ïðåäñòàâëåíà n-ìåðíûì
âåêòîðîì x̃ = (x̃1, . . . , x̃n) íå÷åòêèõ ìíîæåñòâ (ÍÌ). Êàæäîå òàêîå
ÍÌ x̃i îïðåäåëÿåòñÿ íà 3-ãðàäàöèîííîì áàçîâîì ìíîæåñòâå
{L,M,H} ñ ôóíêöèåé ïðèíàäëåæíîñòè µx̃i

.

Áóäåì ïðåäñòàâëÿòü ÍÌ x̃i êàê óíèìîäàëüíûé âåêòîð:
x̃i = (µx̃i

(L), µx̃i
(M), µx̃i

(H)).
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Ïîðîãîâàÿ ïðîöåäóðà âû÷èñëåíèÿ íå÷åòêîé

êàðäèíàëüíîñòè

Íå÷åòêàÿ êàðäèíàëüíîñòü (ÍÊ) ṽS(x̃) will îïðåäåëÿåòñÿ íà áàçîâîì
ìíîæåñòâå {0, . . . , n} (n � ÷èñëî êðèòåðèåâ). Ôóíêöèÿ
ïðèíàäëåæíîñòè ÍÊ µṽS(x̃) äëÿ êëàññà îöåíîê S ∈ {L,M,H}
äîëæíà óäîâëåòâîðÿòü ñëåäóþùèì îöåíêàì:

1) µṽS(x̃)(k) = 1 ⇔ k =
⌊∑

x̃∈Sx̃
µx̃(S)

⌋
, ãäå Sx̃ � ìíîæåñòâî âñåõ

îöåíîê êëàññà S, äëÿ êîòîðûõ äîñòèãàåòñÿ ìàêñèìóì ôóíêöèè
ïðèíàäëåæíîñòè;

2) µṽS(x̃) (k) = 0, if k <
⌊∑

x̃∈Sx̃
µx̃(S)

⌋
.

Ýòè óñëîâèÿ ãàðàíòèðóþò, ÷òî ìîùíîñòü ìíîæåñòâà îöåíîê äëÿ
êëàññà S íå ìîæåò áûòü ìåíüøå ÷èñëà îöåíîê áåçóñëîâíî
ïðèíàäëåæàùèì ýòîìó êëàññó.
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Æåëàòåëüíûìè ñâîéñòâàìè ÍÊ òàêæå áóäóò ñëåäóþùèå.
Ïóñòü Fuz � íåêîòîðàÿ ñòåïåíü íå÷åòêîñòè ÍÌ è

Fuz (x̃) = (Fuz (x̃1) , . . . , Fuz (x̃n)) .

Äëÿ âåêòîðîâ a = (a1, . . . , an) è b = (b1, . . . , bn) ñðàâíåíèå a ≥ b
îçíà÷àåò, ÷òî a1 ≥ b1, . . . , an ≥ bn.

3) åñëè Fuz (x̃) ≥ Fuz (ỹ), òî Fuz (ṽS(x̃)) ≥ Fuz (ṽS(ỹ))
∀S ∈ {L,M,H}.

4) åñëè Fuz (x̃) = 0, òî ṽS(x̃) = vS(x) ∀S ∈ {L,M,H}.

Ïîñëåäíåå óñëîâå îçíà÷àåò, ÷òî åñëè íå÷åòêèå îöåíêè ÿâëÿþòñÿ
íåðàçìûòûìè (ò. å. µx̃i

(S) ∈ {0, 1} ∀S ∈ {L,M,H}), òî íå÷åòêàÿ
êàðäèíàëüíîñòü áóäåò ñîâïàäàòü ñ îáû÷íîé ìîùíîñòüþ.
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Îñòàâøèåñÿ çíà÷åíèÿ µṽS(x̃) (k) äëÿ k >
⌊∑

x̃∈Sx̃
µx̃(S)

⌋
íàéäåì,

èñïîëüçóþ ñëåäóþùóþ ïîðîãîâóþ ïðîöåäóðó.

Ïóñòü S1, S2, S3 ∈ {L,M,H} � òàêèå òðè êëàññà îöåíîê, ÷òî
µx̃i

(S1) > µx̃i
(S2) ≥ µx̃i

(S3).

Òîãäà íàçîâåì îöåíêó x̃i îöåíêîé 1-ãî óðîâíÿ äëÿ êëàññà S1, 2-ãî
óðîâíÿ äëÿ êëàññà S2 è 3-ãî óðîâíÿ äëÿ êëàññà S3.

Óïîðÿäî÷èì âñå çíà÷åíèÿ µx̃i
(S) = qi, i = 1, . . . , n ïî âîçðàñòàíèþ

èõ óðîâíåé äëÿ ôèêñèðîâàííîãî êëàññà S:

q
(1)
i1
, . . . , q

(1)
ik
, q

(2)
ik+1, . . . , q

(2)
ir
, q

(3)
ir+1, . . . , q

(3)
in

(âåðõíèé èíäåêñ � íîìåð óðîâíÿ).
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Òîãäà äëÿ îöåíîê 1-ãî óðîâíÿ â ñîîòâåòñòâèè ñ óñëîâåì 1):

µṽS(x̃) (p1) = 1, ãäå p1 :=
⌊
q
(1)
i1

+ . . .+ q
(1)
ik

⌋
. Åñëè îöåíîê 1 óðîâíÿ

íåò, òî p1 = 0.

Åñëè ñóùåñòâóåò äîñòàòî÷íî ìíîãî îöåíîê 2-ãî óðîâíÿ, òî ýòî
îçíà÷àåò, ÷òî çíà÷åíèå ôóíêöèè ïðèíàäëåæíîñòè ÍÊ äîëæíî áûòü
äîñòàòî÷íî áîëüøèì äëÿ êàðäèíàëüíîñòåé, áîëüøèõ p1. Íàïðèìåð,
ìîæåò áûòü èñïîëüçîâàíà ñëåäóþùàÿ ïîðîãîâàÿ ïðîöåäóðà.

Åñëè p2 =
⌊{
q
(1)
i1

+ . . .+ q
(1)
ik

}
+ q

(2)
ik+1 + . . .+ q

(2)
ir

⌋
≥ 1, òî

µṽS(x̃) (p1 + 1) = . . . = µṽS(x̃) (p1 + p2) = m2, ãäå m2 ∈ (0, 1). Çäåñü { }
� äðîáíàÿ ÷àñòü ÷èñëà.

Àíàëîãè÷íî ó÷èòûâàþòñÿ îöåíêè 3-ãî óðîâíÿ. Åñëè p3 =⌊{{
q
(1)
i1

+ . . .+ q
(1)
ik

}
+ q

(2)
ik+1 + . . .+ q

(2)
ir

}
+ q

(3)
ir+1 + . . .+ q

(3)
in

⌋
≥ 1, òî

óâåëè÷èì íà m3 ôóíêöèþ ïðèíàäëåæíîñòè µṽS(x̃) äëÿ çíà÷åíèé
àðãóìåíòà p1 + 1, . . . , p1 + p3, ãäå 0 < m3 < min{m2, 1−m2}.
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Ïðèìåð

Ïðåäïîëîæèì, ÷òî åñòü âåêòîð x̃ = (x̃1, . . . , x̃5) èç 5 íå÷åòêèõ
îöåíîê x̃i = (µx̃i

(L), µx̃i
(M), µx̃i

(H)), i = 1, . . . , 5, ãäå

x̃1 = (0.5, 0.6, 1), x̃2 = (0.3, 0.5, 1),

x̃3 = (0.5, 1, 0.4), x̃4 = (1, 0.8, 0.3), x̃5 = (1, 0.5, 0.2).

Òîãäà â ñîîòâåòñòâèè ñ ïðîöåäóðîé ïîëó÷èì ñëåäóþùèå çíà÷åíèé
ôóíêöèé ïðèíàäëåæíîñòè ÍÊ äëÿ êàæäîãî êëàññà

ṽL(x̃) = (0, 0, 1,m3, 0, 0), ṽM (x̃) = (0, 1,m2,m2, 0, 0),

ṽH(x̃) = (0, 0, 1, 0, 0, 0).
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Ñðàâíåíèå ÍÊ è ðàíæèðîâàíèå àëüòåðíàòèâ

Ïóñòü Vn � ìíîæåñòâî âñåõ ÍÊ äëÿ n íå÷åòêèõ îöåíîê.

Äëÿ ïðèìåíåíèÿ ëåêñèêîãðàôè÷åñêîé ïðîöåäóðû ðàíæèðîâàíèÿ
âåêòîðîâ íå÷åòêèõ àëüòåðíàòèâ {x̃} îòíîñèòåëüíî ÍÊ
ṽ(x̃) = (ṽL(x̃), ṽM (x̃), ṽH(x̃)), íåîáõîäèìî ïðèìåíèòü íåêîòîðîå
ïðàâèëî ñðàâíåíèÿ íå÷åòêèõ ìíîæåñòâ. Ýòî ìîæíî ñäåëàòü ñ
ïîìîùüþ íåêîòîðîé ôóíêöèè äåôàççèôèêàöèè F : Vn → R.

Áóäåì ñ÷èòàòü, ÷òî ÍÊ îöåíîê êëàññà S äëÿ äâóõ àëüòåðíàòèâ x̃ and
ỹ ñâÿçàíû îòíîøåíèåì ṽS (x̃) ≺ ṽS (ỹ), åñëè F (ṽS (x̃)) < F (ṽS (ỹ)) è
îòíîøåíèåì ṽS (x̃) ∼ ṽS (ỹ), åñëè F (ṽS (x̃)) = F (ṽS (ỹ)).

À.Å. Ëåïñêèé (ÂØÝ) Ïîðîãîâîå àãðåãèðîâàíèå 29 / 36



Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè Ñðàâíåíèå ÍÊ

Íàïðèìåð, åñëè èñïîëüçîâàòü â êà÷åñòâå ôóíêöèè äåôàççèôèêàöèè
öåíòð òÿæåñòè

G (ṽS(x̃)) =

n∑
i=0

iµṽS(x̃)(i)

/
n∑

i=0

µṽS(x̃)(i),

òî äëÿ ïðèìåðà âûøå ïîëó÷èì:

G (ṽL(x̃)) =
2 + 3m3

1 +m3
, G (ṽM (x̃)) =

1 + 5m2

1 + 2m2
, G (ṽH(x̃)) = 2.

Òîãäà äëÿ ëþáûõ äîïóñòèìûõ çíà÷åíèé ïîðîãîâ m2 è m3 èìååì:
G (ṽM (x̃)) < G (ṽH(x̃)) < G (ṽL(x̃)). Ïîýòîìó ïîëó÷èì
ðàíæèðîâàíèå:

ṽM (x̃) ≺ ṽH(x̃) ≺ ṽL(x̃).
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè Ñðàâíåíèå ÍÊ

Â îáùåì ñëó÷àå íå÷åòêîå ÏÀ è ðàíæèðîâàíèå äëÿ äâóõ
àëüòåðíàòèâ x̃ è ỹ âûïîëíÿåòñÿ ïî ïðàâèëó:

φ (x̃) > φ (ỹ) ⇔ ṽL (x̃) ≺ ṽL (ỹ)

èëè ṽL (x̃) ∼ ṽL (ỹ) , ṽM (x̃) ≺ ṽM (ỹ)

èëè ṽL (x̃) ∼ ṽL (ỹ) , ṽM (x̃) ∼ ṽM (ỹ) , ṽH (x̃) ≺ ṽH (ỹ) .
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè ×èñëåííûé ïðèìåð

×èñëåííûé ïðèìåð

Ðàññìîòðèì òîò æå ïðèìåð ðàíæèðîâàíèÿ ñòàòåé èç ñèñòåìû
EasyChair.

paper 1 paper 2 paper 3 paper 4

rev. 1 (2, 0.8) (2, 1) (1, 0.8) (0, 0.6)
rev. 2 (1, 1) (2, 0.8) (2, 0.6) (1, 0.4)
rev. 3 (0, 0.8) (0, 0.6) (−1, 0.6) (1, 1)
rev. 4 (3, 0.4) (−1, 0.4) (0, 0.6) (2, 0.2)
rev. 5 (2, 0.6) (1, 0.6) (1, 1) (2, 1)

x(k) (0, 1, 2, 2, 3) (−1, 0, 1, 2, 2) (−1, 0, 1, 1, 2) (0, 1, 1, 2, 2)

t(k) (M,H,H,H,H) (L,M,H,H,H) (L,M,H,H,H) (M,H,H,H,H)

Ïðåîáðàçóåì òî÷å÷íûå äàííûå (z, λ) â 3-ãðàäàöèîííûå íå÷åòêèå
îöåíêè x̃ = x̃(z, λ) = (µx̃(L), µx̃(M), µx̃(H)) ïî ïðàâèëó:

åñëè z ∈ H = {1, 2, 3} (âûñîêèå îöåíêè), òî x̃ =
(

λ
2z+λ ,

λ
z+λ , λ

)
;

åñëè z ∈ L = {−3,−2,−1} (íèçêèå îöåíêè), òî x̃ =
(
λ, λ

|z|+λ ,
λ

2|z|+λ

)
;

åñëè z ∈M = {0} (ñðåäíèå îöåíêè), òî x̃ =
(

λ
1+2λ , λ,

λ
1+2λ

)
.
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè ×èñëåííûé ïðèìåð

Â ðåçóëüòàòå ïîëó÷èì íå÷åòêèå îöåíêè.

paper 1 paper 2 paper 3 paper 4

rev. 1
(
1
6
, 2
7
, 4
5

) (
1
5
, 1
3
, 1

) (
2
7
, 4
9
, 4
5

) (
3
11

, 3
5
, 3
11

)
rev. 2

(
1
3
, 1
2
, 1

) (
1
6
, 2
7
, 4
5

) (
3
23

, 3
13

, 3
5

) (
1
6
, 2
7
, 2
5

)
rev. 3

(
4
13

, 4
5
, 4
13

) (
3
11

, 3
5
, 3
11

) (
3
5
, 3
8
, 3
13

) (
1
3
, 1
2
, 1

)
rev. 4

(
1
16

, 2
17

, 2
5

) (
2
5
, 2
7
, 1
6

) (
3
11

, 3
5
, 3
11

) (
1
21

, 1
11

, 1
5

)
rev. 5

(
3
23

, 3
13

, 3
5

) (
3
13

, 3
8
, 3
5

) (
1
3
, 1
2
, 1

) (
1
5
, 1
3
, 1

)
ṽL

(k) (1,m3, 0, 0, 0, 0) (1,m3, 0, 0, 0, 0) (1,m3, 0, 0, 0, 0) (1,m3, 0, 0, 0, 0)

ṽM
(k) (1,m2, 0, 0, 0, 0) (1,m3, 0, 0, 0, 0) (1,m2,m2, 0, 0, 0) (1,m2, 0, 0, 0, 0)

ṽH
(k) (0, 0, 1,m2, 0, 0) (0, 0, 1, 0, 0, 0) (0, 0, 1, 0, 0, 0) (0, 0, 1, 0, 0, 0)

G(k)
(

m3
1+m3

, m2
1+m2

, 2+3m2
1+m2

) (
m3

1+m3
, m3
1+m3

, 2
) (

m3
1+m3

, 3m2
1+2m2

, 2
) (

m3
1+m3

, m2
1+m2

, 2
)

v(k) (0, 1, 4) (1, 1, 3) (1, 1, 3) (0, 1, 4)
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Çàäà÷à ÏÀ ñ íå÷åòêèìè äàííûìè ×èñëåííûé ïðèìåð

Èòîãîâîå ðàíæèðîâàíèå:

ðàíæèðîâàíèå

v(x(k)) φ(x(1)) = φ(x(4)) > φ(x(3)) = φ(x(2))

vext(x
(k)) φ(x(1)) > φ(x(4)) = φ(x(3)) > φ(x(2))

v(x̃(k)) φ(x̃(1)) > φ(x̃(4)) > φ(x̃(3)) > φ(x̃(2))

G(k) φ
(
x̃(2)

)
> φ

(
x̃(4)

)
> φ

(
x̃(1)

)
> φ

(
x̃(3)

)
Íà ïåðâîå ìåñòî âûøëà àëüòåðíàòèâà x(2), êîòîðàÿ õîòÿ è èìååò
îäíó íèçêóþ îöåíêó, íî ñòåïåíü óâåðåííîñòè â íåé ó ðåöåíçåíòà
òàêæå íèçêàÿ. Ïîýòîìó îíà îêàçàëà ìàëîå âëèÿíèå íà íå÷åòêóþ
êàðäèíàëüíîñòü.
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