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Various types of uncertainty

Randomness (probability theory);
Nonspecificity (possibility theory);

Imprecision (interval calculi, monotone
measure);

Inconsistencys;
Incompleteness;
Fuzziness:
and so on ...



Classical uncertainty measures

Shannon’s entropy (uncertainty — randomness)

S(P)=-), _,P({x})log, P({x})

Hartley’s measure (uncertainty — nonspecificity)

1,BC A,
0,BG A

H(77<B>) =log, 77<B>(A) = 3




Main attributions of particular
theory of uncertainty (by G. Klir)

An uncertainty function g (ex. probability);

A calculus with functions g;

A functional (uncertainty measures) f which
measures the amount of uncertainty associated
with g (ex. Shannon’s entropy);

A methodology.




Generalized Hartley’s measure

Let g be a belief function: g = Z o m(B )77< B »

where m()=0, m(B)=0, ZBer m(B)=1.

Then GH(g)= Z m(B)logz‘B‘.

Be2X \{(D}



Aggregate measure of uncertainty

Au(g)=supS(P)

P=g

Properties: 1) Au(P)=S(P),

2) Au(ﬂ<3>) = H(77<B>)-



Basic notations

o M is the set of all set functions on 2°;

0 M, ={ge M|g(D)=0};

oM, ={ge M,|g(X)=1, g be monotone measure};
O M, 1s the set of all probability measures;

oM, ={geM, |IPe M, :g< P},

oM, =igeM,, |IPe M, g > P};

mon

mon

oM,,, M, arethe sets of all beliet and plausibility

functions.



Principal motivation

If geM, then dPe M, :g<P<g where
g(A)=g(X)-g(4).

Therefore, the “distance” between ¢ and £
defines the degree of uncertainty.



Imprecision indices

LetM =M,,, or M=M,.

Definition. A functional f : M —[0,1] 1s called

imprecision index 1f :

1) ge M, 1mplies f(g)=0;

2)1f g =g, then f(g,)2 f(g,) for M =M,
(f(g) < f(g,) for M=M,,);

3)f(77<X>)=1 for M =M, (f(77<X>)=1 for MzMup);

1s called linear imprecision index (f € I(M)) 1if extra

4)f(zl;:1ajgj) = lec':lajf(gj) '



Canonical representations of linear
imprecision indices

&=, M, (B) = f(g) is defined by

1 (Ms))=12,(B)
Then uy, (B)e M,,,,, i,(1x})=0 Vxe X.

Let m*(B)=Y.  (-)""g(4)
be dual Mobius transform.

Proposition. Let f be a linear functional on M
then f(g)=>  .m" (B)g(B) forany ge M.



...through description of Mébius transform of u,

Theorem. Let f be a linear functional on M.
Q) m'(X)=1; Y, ,.m" (D)=0;

felM,)=b) > m"(D)=0 forallxe X;

low

c) m"(D)<0 V De2* \{J, X

Corollary ("avoiding sure loss" condition).
felM,)e f(g)=1->. .m(B)g(B),
where: 1) m(&)=m(X)=0,m(B)=0V Be 2*;
2) >, m(B);=1,.



...through description of y, (monotone measure)

Theorem. fe I(M, ) & ,ufza,u—bﬁ<X>,
where b>0,a=1+b,ue M  and with
1({x})=b/a forall xe X .

Corollary. If :ZAer\{ @}m(A)77< 4 then

D) u,e My(X);

2) ,uf({x}):O Vxe X ;

3) m(A)=0 VAe2*\{J,X};
or3)u,(Buixt)e M, VxeX.

fellM, ) &

low




...through description of distorted function of

Theorem. Let / be a linear functional on M and

M, =AoP and P({xl.}) =1/N ,i=1,...,N. Then

a) A(1/N)=0;
fel(M)<=|b) AeC” [%,1);

c) (1) d"A(t)/dt" 20, VneN, te| +.1).
Ex. ﬂ(t)zln(t‘X )/n(‘X‘) =
He (A)=In(|4]) /In(|X|)=> GH e I(M,,,).




The algebraic structure of the set of
linear imprecision indices

Let M, ={,uf  fe ](MIOW)}.

Theorem. Let ye M,, u= ZAer\{ @,X}m(A)77< A~ b77< x>
forall 4e 2% \ {3, X}, b >0, then u is an extreme point

of M, & {1 }mp0,  are linearly independent.
Ae2°\{D, X}



The algebraic structure of the set of

complementarily symmetrical imprecision indices
Definition. We call f e I(M,
symmetrical if m" (A)=m"" (4) VAe 2X \{JD, X .
Ex. Let v, (g)=g(X)—g(B)—g(B)+ g(J) be primitive
imprecision index. Then

U, (A) =175 (A) + 775, (A) =17, (A) = (such as {1,,1;]

are linearly independent) = v, — extreme point =

) complementarily

Theorem. Let / be complementarily symmetrical <
f=) a(B)vy, Y, a(B)=1,a(B)20 VB.



The extension of imprecision indices to the set

M, oM,

low

Let f(g)= /().

Proposition. fe (M, )= fel(M )"

low

Proposition. Let / be a linear functional on M
then ‘f‘e M, oM, ) < f1s

complementarily symmetrical index on M

low

low*



The extension of imprecision indices to the set

of all monotone measures M o

uncertainty= imprecision U Inconsistency

Let felI(M, ), geM,  but g& M, then
Jimp (&) = A}ntI f(g) 1s the amount of imprecision 1n g.
qe M, 1958

It ge M, then f(g)=0= {imprecision}=0,
{uncertainty }={1nconsistency}.
By analogy, ifge M, , but g¢ M, then

Ji(g) = A14n|f f(g) 1s amount of inconsistency 1n g.
qeM,,1q28

Ifge M,  then f,_(g)=0= {inconsistency}=0,

{funcertainty }={imprecision}.

low



Properties of indices on M

D) 228 = fin(€)2 finn(€2)s finn (81) S fim (£2)
D) fum(@)= inf f(min{eg)),

fie(@) = inf f(min{a. g}

3) ge M, 1srather lower probability than
upper probability it £ (g) = f,,.(g) and rather

upper probability then lower probability

4) if f — complementarily symmetrical index on M,

then flmp —fi. = -



Example

X | x | x | x
7, | 1 105105
7, 104 1 ]0.6

I1,(4) =maxz,(x)e M,

xe X

N.(A)=1-11,(A)e M,,,
g=max{N,,N,}¢ M, .

Let w(g)=(2"-2)" 3 .[g(B)-g(B)
v_(g)=max{|g(B)-g(B)||Be 2"}.

b

| Jimp Jine
v, v, | GH v, v, | GH
N | 05 105 05 0 0 0
N, 10.5(3) 0.6 | 0.526 0 0 0
g | 02 (05| 02 ]0.03(3)0.1]0.0288
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